In this paper, (d + 1)-pencil lattices on simplicial partitions in R d , which are not simply connected, are studied. It is shown, how the fact that a partition is not simply connected can be used to increase the flexibility of a lattice. A local modification algorithm is developed also to deal with slight partition topology changes that may appear afterwards a lattice has already been constructed.
Introduction
The multivariate Lagrange polynomial interpolation problem differs essentially from the univariate one, since the existence and the uniqueness of the interpolant depend on the geometry of the interpolation parameters (usually called points or nodes). Algebraically, the Lagrange interpolation problem at n+d d interpolation points is correct in the space Π d n , the space of d-variable polynomials of total degree ≤ n, iff the points do not lie on any algebraic hypersurface of degree ≤ n. In practice, prescribed configurations of interpolation points that imply correctness of the interpolation problem in advance are looked for. Perhaps the most often encountered such configurations are principal lattices ( [4] ) and their generalization, (d + 1)-pencil lattices ( [11] ), where the interpolation points are generated as intersections of particular hyperplanes. It is well-known that lattices admit correct interpolation in Π d n , since they satisfy the geometric characterization condition. This condition also implies, that the Lagrange basis polynomials are products of linear factors (see [3] , [4] , [5] , e.g.). Some important applications of these lattices were presented in [9] , where the Newton-Cotes cubature rules over principal lattices have been carried over to (d + 1)-pencil lattices. In [8] , (d + 1)-pencil lattice has been extended from a simplex to a simply connected simplicial partition in R d . It was shown that it is possible to construct a global (d + 1)-pencil lattice on a simply connected simplicial partition, such that lattice points on common faces of the partition agree. This provides at least a continuous piecewise polynomial Lagrange interpolant over the given simplicial partition. In this paper, the results are extended to more general simplicial partitions, which are not simply connected. Since these simplicial partitions appear quite often in practical applications, such as an interpolation of multivariate functions, finite and macro element methods ( [10] ) in solving partial differential equations, cubature rules for multidimensional integrals ..., it is important to consider them too. A straightforward but naive construction of a lattice would enlarge the original partition T to a simply connected one, construct a lattice over it, and restrict it to T . But such an approach would clearly neglect the structure of data supplied. For this reason, we study the lattice construction over the original partition, and show that the additional degrees of freedom obtained can be used to increase the flexibility of the lattice. The second part of the paper considers an additional aspect. Suppose that a lattice constructed on T has already been used in an interpolation process. But then, some slight changes in the topology of T appear. As a model problem, one may think of a diffusion process over a partition T with many holes. During the process it may happen that the substance will break into some of the holes. This can be indicated by the gradient of the interpolant close to the holes. One would clearly tend to preserve the original data, particularly if the evaluation of the function being interpolated is very expensive, but the new data (over these holes) have to be interpolated too. This gives an impetus to study how a lattice on T can be extended over some particular holes.
The paper is organized as follows. In Section 2, definitions and some properties of a (d+1)-pencil lattice on a simplex and on a simplicial partition are recalled, and the notation is introduced. Section 3 extends the results from [8] to more general simplicial partitions, which are not simply connected. In Section 4, the main results of the paper are presented. It is shown that in the planar case some small corrections of the lattice on T are needed in order to fill some holes, while in higher dimensional cases, under some reasonable assumptions, this can be done without any adjustments. The paper is concluded by an example in Section 5.
Preliminaries
In this section, (d + 1)-pencil lattices and their properties are recalled briefly. A (d + 1)-pencil lattice of order n on a simplex :
points, generated by d + 1 pencils of n + 1 hyperplanes. Any lattice point is an intersection of d + 1 hyperplanes, one from each pencil. All hyperplanes of the same pencil intersect at a center
where P i lies on the line passing through the vertices T i and T i+1 , but not on the segment T i T i+1 (see Fig. 1 ). The center C i is then the hyperplane that passes through control points P i , P i+1 , . . . , P i+d−2 . In particular, if d = 2, the centers C i are simply the control points P i (Fig. 1, left) . Here and throughout the paper, indices of control points, vertices, centers, lattice parameters, etc., are assumed to be taken modulo d + 1. Wherever necessary, this will be given explicitly by the notation m(i) :
Fig. 1. Examples of (d + 1)-pencil lattices with their control points P i and centers
A closed form of the lattice has to depend on positions of the control points. In the barycentric form w.r.t. , coordinates of P i are particularly simple. Let us denote them as in [7] ,
Note that ξ i > 0, since P i is not lying on the line segment T i T i+1 . A special form of barycentric coordinates is used in order to cover also the cases of parallel hyperplanes (ξ i = 1). Furthermore, the range 0 < ξ i < 1 covers positions from the ideal line to the vertex T i , and 1 < ξ i < ∞ the half line from T i+1 to the ideal line. The barycentric coordinates of a (d + 1)-pencil lattice on w.r.t. are then determined by d + 1 parameters ξ :
with
For more details see [7] . This definition of a (d+1)-pencil lattice is valid for d ≥ 2. In order to simplify further discussion, let us artificially define also a 2-pencil lattice. With a 2-pencil lattice on T 0 , T 1 we will denote any restriction of a 3-pencil lattice to some of its edges. Accordingly to (1), the barycentric coordinates of 2-pencil lattice points w.r.t. T 0 , T 1 are determined by (ξ 0 , ξ 1 ) as (see [8] )
In order to recall some properties of 
spans the graph G ( ).
With the help of a bijective imbedding u :
and a winding number of an index vector (i j ) r j=0 , defined as
the following important relation between two (d + 1)-pencil lattices that share a common face (Fig. 2 ) has been proved in [8, Corollary 7] . It gives a first step in the extension of a lattice from a simplex to a simplicial partition.
. . , T d be given simplices, and let the lattices be determined by parameters ξ = (ξ 0 , ξ 1 , . . . , ξ d ) and ξ = (ξ 0 , ξ 1 , . . . , ξ d ) , respectively. Suppose that
, is a common face of and , with corresponding vertices 
= r and
If one takes α = 1, both lattices can coincide at the common face for any winding number of the index vector i j r j=0
, but consecutively a restriction on lattice parameters is obtained.
It is appropriate to emphasize two important consequences of (2) . Moreover, suppose that the common face of both simplices is an r-simplex. Let the lattice on be determined. As soon as we choose one of the possibilities for α , there are exactly d − r free parameters to determine the whole lattice on such that both lattices coincide on a common face.
Lattices on simplicial partitions which are not simply connected
In this section, regular simplicial partitions, which may not be simply connected, are considered. Our aim is to extend a lattice from a simplex to such a simplicial partition. In order to obtain at least continuous interpolant over such a lattice on a simplicial partition, for any pair of simplices that share a common face, the (local) lattices should coincide on that face too. To make the discussion more clear, we will sometimes call such a lattice on a regular simplicial partition a global (d + 1)-pencil lattice. Recall that a simplicial partition in R d is regular if every pair of adjacent simplices have an r-face in common, r ∈ {0, 1, . . . , d − 1}.
The problem has already been considered in [6] , [8] and [12] . In [8, Theorem 8] it was shown, that for a regular simply connected simplicial partition T ⊆ R d with V vertices, where G(T ) is d-vertex connected, there exists a global (d+1)-pencil lattice on T with precisely V degrees of freedom. Recall that a graph G is -vertex connected if the size of a smallest set of vertices, whose removal renders G disconnected, is greater or equal to . Let us emphasize two basic ideas of the proof that will be important later. First, the product of lattice parameters should be equal to the same constant α n for all local lattices on simplices of a partition, since it is too complicated to control the behavior of a global lattice if we allow both α and 1 α to interchange. Furthermore, by (2), we have to assure, that for both index vectors on every common face the winding number is equal to 1. This can be assured if we label all vertices of a simplicial partition by T 0 , T 1 , . . . , T V −1 and order the vertices of any simplex ∈ T as PROOF. By (2), a d-pencil lattice given on f 1 can be extended to a (d + 1)-pencil lattice on with one free parameter. As the case d = 2, r = 2 is straightforward, let d ≥ 3. Since a lattice on f 1 ∩ f 2 is a (d − 1)-pencil lattice, which can be extended to the d-pencil lattice on f 2 by one additional parameter, the (d + 1)-pencil lattice on is uniquely determined by lattices on f 1 and f 2 . Since any two facets of a simplex, considered as (d−1)-simplices, have a common facet, f i has a common facet with f 1 as also with f 2 , for all 3 ≤ i ≤ d + 1. Therefore, the restriction of the lattice on f i to f i ∩ f k , k = 1, 2, is known by lattices on f 1 and f 2 . Thus, by [8, Corollary 4] , the whole lattice on f i is given by lattices on f 1 and f 2 , for 3 ≤ i ≤ d + 1.
Lemma 1 shows an important difference between the planar and higher dimensional cases, which will play an important role later on. Namely, if a lattice is predetermined on all facets of a simplex , it can be uniquely extended to a whole (d + 1)-pencil lattice on if d ≥ 3. For the planar case, such an extension to is almost never possible. This is perhaps due to the fact, that in this case (d − 2)-faces of a simplex do not include any information about the lattice, since they are just vertices of a simplex.
The following example confirms that the result of Lemma 1 does not hold for the planar case with r = 3. Let i , i = 1, 2, 3, 4, be triangles as in Fig. 3 and let a lattice on i be determined by parameters ξ
, for all i. Further, let the product of local lattice parameters be equal to the same constant α n for all four lattices. Let us first determine the lattices on i , i = 1, 2, 3. They are given by 7 parameters as
where
. By these three lattices a lattice on 4 is already determined on all three edges. If Lemma 1 would hold for this case too, then the lattice on 4 would now be uniquely determined. But, by [8, Theorem 8] , all four lattices should be determined by only 6 parameters, since there are only 6 vertices in this partition. Thus, the 7 parameters in (5) must be dependent, in order to be able to construct a lattice also on 4 . If we label the vertices of the partition as in Fig. 3 , then (2) and (4) 
.
We have seen, that if we would like to construct a lattice on 4 , we have to adjust one of the lattices on other triangles. Note that if we would add an additional vertex inside of 4 in order to split the lattice on 4 into three lattices, we would still have to adjust one of the lattices on i , i = 1, 2, 3, although now the number of vertices of the partition would coincide with the number of parameters in (5). This will be more precisely proved in Corollary 12.
Let us now extend [8, Theorem 8] . Suppose now that H = 0. Without loss of generality, we may assume that H = 1 and that the hole, which can be identified with a simplicial partition homeomorphic to a simplicial ball, consists of one simplex . Let first d = 2. There are 3 free parameters to determine 2-pencil lattices on all facets of (one for each lattice, since α n is given in advance). But that is one more than we have available to determine the lattice on the whole . Therefore, each hole brings up one new parameter. Let now d ≥ 3. Since there are d-pencil lattices, which coincide on common faces, given on all facets of , the lattice on the whole is by Lemma 1 with these lattices uniquely determined. Thus, a hole implies no additional degrees of freedom. 
Extension over the holes
Let T be a connected regular simplicial partition which is not simply connected. Our aim in this section is to extend the global lattice from T over some holes, since this problem often appears in practice. In order to do this, we have somehow to bound and partition the hole into simplices, such that it becomes a simplicial partition, which will be denoted by H. A lattice is predetermined on some parts of the boundary of H and we have to determine the rest of it on the whole H. We will further need some definitions.
• An interior facet of a simplicial partition T in R d is a (d − 1)-simplex, which is a facet of two simplices in T . Otherwise it is called a boundary facet of T . The set of all boundary facets of T will be denoted by B(T ).
• An interior vertex of a simplicial partition T is a vertex, which has a property that all (d − 1)-simplices, containing it as a vertex, are interior facets of T . Otherwise it is called a boundary vertex of T .
• An interior simplex of a simplicial partition T is a simplex with all facets being interior facets of T . Otherwise it is called a boundary simplex of T .
• An interior hole of a simplicial partition T is a simplicial partition H, such that all boundary facets of H are interior facets of T ∪ H.
From Lemma 1 we can conjecture that the planar case will differ from more dimensional cases. This is perhaps due to the fact that (d + 1)-pencil lattices are defined differently for d = 1.
The planar case
In the planar case, all possible holes of a connected triangulation are homeomorphic to the 2-dimensional simplicial ball. Therefore, all holes can be considered at once. Let H be a hole with V I interior vertices and let be an arbitrary triangle in H. From (2) and Lemma 1 it follows that there are V I degrees of freedom to extend the lattice over H\{ }. Therefore, we can further assume that the hole consists of only one triangle H (Fig. 4, left) .
In the example in the previous section, we have seen, that it is not always possible to extend a lattice over a hole H , without adjusting some parts of the lattice on T \{ H }. (Fig. 5) .
PROOF. Let the construction of the lattice L start at H . By Lemma 1, a lattice on any triangle is uniquely determined with lattices on two adjacent triangles, which have a common edge with this triangle. Thus, in order to construct a lattice on H we have to choose an edge of H where this lattice will not coincide with L (Fig. 4, right) . Let us further construct a lattice on the adjacent triangle 2 containing this edge. Again we have to choose on which of its remaining edges the lattice will not coincide with L. Next, the construction of L proceeds on the adjacent triangle 3 , which contains this edge. We continue with this procedure until we reach a triangle m , m ≥ 2, with at least one of its edges in B(T ). Furthermore, let L be the same as
Clearly, there are many possible ways to choose a strip, where the lattices L and L will differ (see Fig. 5 , e.g.). Let us define an optimal strip as a strip containing the smallest number of triangles among all appropriate strips. Since in practice not all strips are available (it may not be allowed to change the lattice on some particular triangles), we have to choose one of the optimal strips among all available strips. Optimal strips can be found by searching the short-est paths in the dual graph of the graph G(T ) from the vertex corresponding to H to the one corresponding to R 2 \G(T ). Fig. 4 . A lattice on a triangulation, which is not simply connected (left) and an extension of the lattice over a hole before the adjustment of the existent lattice (right). 
Remark 7 By giving up the additional degrees of freedom from the holes and carefully constructing the initial lattice on a non-simply connected triangulation, one may avoid the unwanted modifications of the original lattice needed while extending it over the holes. More precisely, when constructing the initial lattice, one could enlarge the original non-simply connected triangulation T to a simply connected one, construct a lattice over it, and take the restriction to T as the initial lattice on T . But such an approach would neglect the structure of the original problem. Since also the data on the boundary of holes may be of a particular importance, a lattice which does not consider the holes may not be appropriate. Furthermore, the number of triangles where the initial global lattice has to be modified in order to be extended over the holes, is in practice small in comparison to the number of all triangles in a triangulation.

The case d ≥ 3
In higher dimensional cases (d ≥ 3), the problem how to extend a lattice over a hole becomes much more complicated. Let us first prove two important topological lemmas, which will be needed later on.
, be a simplicial partition homeomorphic to a simplicial ball with no interior vertices. Then there exists a simplex in T with at least two of its facets in B(T ).
PROOF. Suppose that T is constructed by adding one simplex at a time, in such a way that the current simplicial partition T is homeomorphic to a simplicial ball with no interior vertices at each step. We may assume, without loss of generality, that at each step one of the simplices, which are adjacent to most simplices in T , is added. Recall that a star is a simplicial partition with exactly one interior vertex (see [10] , e.g.). Since T is homeomorphic to a simplicial ball and contains no star as a subpartition, T grows from a single simplex to T in such a way that each simplex added has f , 1 ≤ f ≤ d − 1, facets in common with simplices in the instantaneous partition T . Therefore, each newly added simplex has at least two facets in B(T ). Since the same holds for T = T , the proof is completed.
, be a simplicial partition homeomorphic to a simplicial ball with V I interior vertices. If no simplices in T have more than one facet in B(T ), then there exists a simplex in T having exactly one facet in B(T ) and containing one of the interior vertices of T as the remaining vertex.
PROOF. Suppose first V I = 1 and let the only interior vertex of T be denoted by T 0 . Then T 0 is necessarily the interior vertex of some star S 0 ⊆ T . But it is straightforward to see that in this case T itself is necessarily a star. Indeed, the next possible partition with the property, that it does not contain any simplex with at least two facets in B(T ), is a union of two stars S 0 ∪ S 1 . But S 0 ∪ S 1 already contains two interior vertices T 0 and T 1 . Thus, inductively, the partition T , which satisfies the assumptions of the lemma, is necessarily of the form
where S i is a star with the interior vertex T i . Take now a star S j , which contains at least one simplex that is a boundary simplex of T . Clearly, such a star exists. Then has exactly one facet in B(T ) and T j as the remaining vertex, which completes the proof.
We are now able to prove the following theorem, which unfortunately does not hold in the planar case (see Theorem 6) . PROOF. The proof proceeds by the induction on the number of simplices in T . Suppose that |T | = 1, which implies T = { }. Since the lattice on is predetermined on all facets of , then by Lemma 1 the lattice is uniquely determined on . Thus, there are no degrees of freedom, which corresponds to no interior vertices in . Let now |T | > 1. This case will be proved by the induction on the number of interior vertices V I . Suppose first that V I = 0. By Lemma 8, there exists a simplex , which has a lattice predetermined on at least two of its facets. If there are more such simplices, let be one of the simplices with a lattice predetermined on most of its facets. Thus T := T \{ } is still homeomorphic to a simplicial ball. By Lemma 1, the lattice is completely determined on and we can construct it uniquely. Since for T , |T | = |T | − 1, the result follows by induction, we have no degrees of freedom to construct a lattice on T . Let now V I > 0 and consider the pair (T , V I ). We can, by Lemma 1, uniquely construct a lattice on each simplex in T , which has at least two facets in B(T ). Thus, we are left with the pair (T , V I ), |T | ≤ |T |. Since V I > 0, there exists at least one interior vertex T . Lemma 9 assures the existence of a simplex , having exactly one facet in B(T ) and T as the remaining vertex. Thus, by (2) , there is one degree of freedom to construct a lattice on . The result follows now by the induction for (T , V I − 1), T = T \{ }, and the proof is completed.
While the only possible holes in connected regular simplicial partitions in R 2 are interior holes homeomorphic to a simplicial ball, several different types of holes exist for d ≥ 3. This is strongly connected with the computational topology and the homology theory, in particular with the Euler characteristics and Betti numbers ( [2] ). Since it would be too complicated for our purposes to study all of them, let us consider the second most natural kind of a hole, a hole, which is not an interior hole, but can be bounded and partitioned into simplices in such a way, that it becomes homeomorphic to a simplicial ball. Therefrom, the hole becomes a simplicial partition where the lattice is not predetermined on all its boundary facets. An example of a partition with such a hole in R 3 is a simplicial torus. To consider this kind of holes, we will need the following lemma. PROOF. Suppose first that T is a star of degree 3 consisting of triangles
Lemma 11 Let T be a triangulation in
and let L i be a lattice on i , i = 1, 2, 3. Since T ∪ { B } can be identified with a tetrahedron in R 3 ( Fig. 7, left) , the lattices L 3 and L B are by Lemma 1 uniquely determined by
L i on all common edges. Therefore, the lemma holds for a star of degree 3. Consider now two adjacent triangles 1 and 2 with lattices L 1 and L 2 , which coincide on a common edge e 1 (Fig. 7, right) . Construct now two new adjacent triangles 3 and 4 by connecting the vertices of 1 ∪ 2 , which are not on e 1 , by an edge e 2 . Since
can again be identified with a tetrahedron, lattices L 3 and L 4 on 3 and 4 are by Lemma 1 uniquely determined by {L i } 2 i=1 , and they coincide on e 2 . We will call { 3 , 4 } the dual triangles of { 1 , 2 } and {L 3 , L 4 } the dual lattices of {L 1 , L 2 }. Let now T be an arbitrary triangulation satisfying the assumptions of the lemma. We can apply the following procedure for reducing T and L to a star of degree 3 with a lattice L , such that L coincides with L on
. At each step of the procedure some of the following operations are used.
• Replace two adjacent triangles together with lattices with its dual triangles and dual lattices.
• Replace a subtriangulation T , which is a star of degree 3, with a triangle, whose edges are the boundary edges of T , and construct a lattice on it.
• Replace a triangle with a star of degree 3 (Clough-Tocher split) and construct a lattice on it.
Clearly all operations do not change the lattice on
. Note, that the last operation is inverse to the second operation and is needed only for very special triangulations. Using these three operations one can reduce a star of degree 3 to a triangle, a star of degree 4 to two adjacent triangles, and a star of degree 5 to a strip of three triangles. Therefore (see [1] , [12] , e.g.), we finally obtain a lattice on a star of degree 3 (see Fig. 8, e.g.) , for which the lemma already holds. The following corollary follows directly from this lemma. Fig. 8 , e.g.).
Now we are able to prove the following theorem. , homeomorphic to a simplicial ball, where the lattice is predetermined on all its boundary facets, Theorem 10 confirms the theorem for d > 3. Let now d = 3. The whole B(T ) can be identified with a particular simplicial partition P in R 2 , which has exactly three "boundary" facets e 1 , e 2 and e 3 composing a triangle , which is also a part of P (see Fig. 8 , e.g.). Since the lattice is Fig. 9 . A simplicial partition with a lattice predetermined on some of its boundary facets.
predetermined on P ⊂ P, where G(P\P ) is d-vertex connected, the theorem will follow by (2) and Lemma 1 as soon as we prove it for P\P = { }. Thus, we can assume that the lattice is given on P\{ } and the existence of a lattice on , which coincides with the lattice on P\{ } on common edges {e i } 3 i=1 , has to be proven. But now, Lemma 11 completes the proof.
Theorem 10 and Theorem 13 can be combined to obtain the following corollary. We are now able to answer the question how to extend a lattice over a hole H of a simplicial partition T . First, we have to partition the hole into simplices, such that H becomes a bounded simplicial partition. Next, we have to extend H in such a way, that it becomes homeomorphic to a simplicial ball (add some simplices of T \H to H). Now H has a lattice predetermined on some boundary facets of H. If d ≥ 3, the lattice can be extended over H by Corollary 14. If d = 2, the extension is assured by only some small corrections of a lattice on T \H (see Theorem 6).
Example
In this section an example for the case d = 3 is given, which illustrates some results from previous sections. Let T be a tetrahedral partition in R 3 as in Fig. 10 . Suppose that T has 3-pencil lattices predetermined on all its boundary facets (triangles). These lattices coincide on all common edges of adjacent boundary triangles. Since T has only one interior vertex, we have to show, that these lattices can be extended to a global lattice on the whole T by an additional free parameter, in order to certify Theorem 10 on this particular example. 
